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On the Eigenvalue Spacing Distribution
for a Point Scatterer on the Flat Torus

Zeév Rudnick and Henrik Ueberschar

Abstract. We study the level spacing distribution for the spectrum of a
point scatterer on a flat torus. In the two-dimensional case, we show that
in the weak coupling regime, the eigenvalue spacing distribution coin-
cides with that of the spectrum of the Laplacian (ignoring multiplicities),
by showing that the perturbed eigenvalues generically clump with the
unperturbed ones on the scale of the mean level spacing. We also study
the three dimensional case, where the situation is very different.

1. Introduction
1.1. The Seba Billiard

Point scatterers are toy models used to understand aspects of quantum systems
for which the corresponding classical limit is intermediate between integrable
and chaotic. In this paper, we study the spectral statistics of point scatterers
on the flat torus (a “Seba billiard”) in the “weak coupling” regime.

A point scatterer on the torus is formally given by a Hamiltonian

~A+ad,, a€cR (1.1)

where A is the Laplacian, o denotes a coupling constant and xzy denotes the
position of the scatterer. Mathematically, a point scatterer is realised as a self-
adjoint extension of the Laplacian —A acting on functions which vanish near
xo (see [3]). Such extensions are parameterized by a phase ¢ € (—m, x|, where
¢ = 7 corresponds to the standard Laplacian (o = 0 in (1.1)). We denote the
corresponding operator by —A,, . For ¢ = 7, the eigenvalues are those of
the standard Laplacian. For ¢ # 7(a # 0), the resulting spectral problem still
has the eigenvalues of the unperturbed problem, with multiplicity decreased
by one, as well as a new set of A, = {/\f} of eigenvalues interlaced between
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the sequence of unperturbed eigenvalues, each appearing with multiplicity one,
and satisfying the spectral equation

= 1 Aj ©
2 j
. _ = cntan — 1.2
>t (AjA A?+1> cotan £ (12
wherecy = 3772 le\gi‘)l)‘z and {¢;} form an orthonormal basis of eigenfunc-
J

tions for the unperturbed problem: —At; = A;1;. The eigenfunction corre-
sponding to A € A, is the Green’s function Gy (z, 7o) = (A + X) " 1d,,.
We denote the unperturbed eigenvalues without multiplicities by
N={ng=0<n <---<nj;<...}

and call them the “norms” of the torus. Note that the perturbed eigenvalues
defined by (1.2) are independent of the location xy of the scatterer, since in
the case of the torus, the sums ), _, [Yj(x0)|> = #{\; = n} are independent
of Zo-

1.2. Spacing Distributions

The perturbed eigenvalues {7} interlace with the norms {n;} as follows
Ay <0=mng <A <ng <--- <A <np <--- (1.3)

The nearest neighbour spacings for the norms and for the perturbed eigen-
values are defined by

5]‘ =Ny — Ny, 5;'0 = Af—i-l — )\;p (14)
The mean spacing between the norms is defined by
1 x
(05), == 0j~——, T— 0 (1.5)
; .Mmgif N(x)
where
N(z) = #{j : n; <z} (1.6)
and likewise for the mean spacing <(5f>1 between the new eigenvalues. Clearly
<5f>x ~(0;),, x— 00 (1.7)
We define normalised nearest neighbour spacings by
. 5 =N 6%
§j = 2, 67 = L — (1.8)
(05), e,

We want to determine the distribution of the normalised spacings 5}".

Shigehara et al. [9,10,12] identify two regimes in the semiclassical limit
for a point scatterer in dimension 2: In the weak coupling regime, the phase
@ is fixed as A — oo. In this regime, the authors predict a Poissonian level
spacing distribution for the perturbed spectrum. The strong coupling regime
is when ¢ varies as A — 00 so as to satisfy: co tan & ~ fﬁ log A\. where they
predict level repulsion. In most numerical studies of this problem, it is the
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second regime that appears, due to a truncation procedure [8]. For an analytic
study of this regime, see [2,6,13].

We deal with the spectrum of a point scatterer in the weak coupling
regime (¢ fixed). We will show that the level spacing distributions of the norms
and of the perturbed spectrum (if either exists) coincide. Since it is generally
believed that the spacing distribution of the norms is Poissonian (if the torus
is either rational, such as the standard torus R?/Z?, or generic irrational in
a suitable sense [4]), that would imply that the perturbed spectrum is also
Poissonian.

1.3. Our Results
We denote the differences between the old and new eigenvalues by
dj:=mn; =X >0 (1.9)

Since §; — 6}” = dj4+1 — d;, the normalised nearest neighbour spacings between

the norms and the perturbed spectrum are related by
~ A dit1—d;
6, — 0% ~ It I (1.10)
T (05),

We define the mean difference of d; by
1
{dj), = N > d;. (1.11)
A<z
We will show that the ratio between the mean difference d; and the mean
spacing d; vanishes:
Theorem 1.1. For a point scatterer on a two-dimensional flat torus,
(dj),
(05)5
As a consequence, since the differences d; > 0 are non-negative, we
deduce

— 0, asxz— 0. (1.12)

Corollary 1.2. Outside of a zero-density subsequence,
d;

(07)
That is the norms and the perturbed eigenvalues clump together generi-
cally! on the scale of the mean spacing. Therefore,

—0, asj— oo. (1.13)

Corollary 1.3. If the spacings 0; for the norms have a limiting distribution,
then so do the spacings 6f for the perturbed spectrum and the limiting distri-
butions coincide.

A similar result holds for hyperbolic surfaces if the point scatterer is
placed in a generic position. We will not give the details here.

1 Recently Tudorovskiy et al. [14] presented a heuristic argument that in the fixed regime the
spacing distribution should be Poissonian by claiming the bound (1.13) holds individually,
for all j. We are unable to verify this.
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1.4. Dimension 3
The situation is very different for a three-dimensional torus T?. Let 77;-9 be the

perturbed eigenvalues of the point scatterer and n; the unperturbed eigen-
values counted without multiplicity (the norms). The ordering is

ny <0=mo<nf <m <---<n <y (1.14)

As before we let d; := n; —ny and d; = 1,11 — n;. We denote by (d;),
the average of the spacings d;, and by (d;) of the spacings of the norms, for
©
n; <ux.

Theorem 1.4. For the three-dimensional flat torus, we have

lim. gjiw = % (1.15)

Note that Theorem 1.4 does not give any information on the relation
between level spacing distributions for the norms and for the perturbed spec-
trum. For an empirical study of the spectral statistics in dimension 3, see [11].

2. Overview of the Proof
2.1. Our Method

We derive Theorems 1.1 and 1.4 from the asymptotics as § — 0 of the sum

oo
> de ™
=0

To so, we approximate the sum by the difference
o0
S e — P}
j=0

of the heat traces of the operators —A,, , and —A, which we study in Sect. 5
by using a trace formula which will be developed in Sect. 3, 4 in the two-
dimensional case. The three-dimensional case is treated in Sect. 6.

2.2. A Trace Formula for the Point Scatterer on the Torus

We work with a rectangular two-dimensional flat torus T? = R? /27 L, where
Lo =7Z(1/a,0) ® Z(0,a) for some a > 0. Denote by £ the dual lattice of Ly.
The eigenvalues of the Laplacian on T? are the norms of the vectors of the
dual lattice £ (cf. section 2 in [7]). We denote the set of norms of the dual
lattice vectors by

N={0<n <--} (2.1)
and the multiplicity of an eigenvalue n € A is denoted by
re(n) = #{€ € L€ =n}. (2.2)
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Recall that the perturbed eigenvalues {A¥} interlace with the norms {n;}.
The ordering is

)\g<0:n0<>\f<n1<~~<)\}p<nj. (23)

(That \§ < 0 is given in [1]).

We denote n; = p?, where p; > 0 for j > 1, and \Y = (pf)2, where
py > 0if j > 1 and Jpg > 0 (note that Ay < 0 and pj is pure imaginary).
The spectral function

1 = 1 n; ©

S :———i—g r(n, — z — cptan = 2.4

o(P) P (J){njpz n3+1} R (2:4)

has simple poles at the points p = +p; and zeroes at the points p = :i:pf. For
o large enough and Sp = —o, we will show that

1
= —— log(i D 2.
Se(p) = =5 log(ip) + 5—-D(p) + () (2.5)

for c(p) = ¢1 — co tan £, where ¢; is some real constant, and [D(p)| <, 1.
Let h be an even function which is analytic in a strip |Sp| < o’ for some

o’ > o and satisfies
[h(p)| < (14 [Rp|)~>7°

for some 0 > 0 uniformly in the same strip. We have the following general
trace formula which we prove in Sects. 3 and 4.
Let 0 > og(p) be sufficiently large. Then for all h as above, we have

—io+oo
> T h(p)dp
;{h@j) h(p;)} = m_w[w Tont (]
—io+o0o
1 , D(p)
o ,/ s (1- 2 ) o

(2.6)

2.3. A Tauberian Theorem

To prove Theorem 1.1, we will employ a Tauberian Theorem and reduce the
problem to studying the asymptotics as  \, 0 of

AB) = dje (2.7)

To study A(S), we prove the following approximation (cf. (5.1) and Lemma
5.1)

=

S djem PN = 3 e PN — eIy O(57Y). (2.8)
j=0 =0
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We then use the trace formula (2.6) with h(p) = e=87” to bound Z;’;O{e*ﬁ)‘f

—e A"} and obtain the following estimate which is the key result in the proof
of Theorem 1.1:

Proposition 2.1. As G\, 0,

AB) = die™N <
J

. 2.9
Blog % (2.9)
2.4. Proof of Theorem 1.1

We will use Karamata’s Tauberian Theorem (see e.g. [5]) which deals with
the following situation: We say a positive function L(z) is slowly varying if
L(kt) ~ L(t) as t — oo for each fixed k > 0. We are given a non-decreasing
function A(t) on R such that the Laplace transform

oo

A(B) := /e—ﬂtdA(t) (2.10)

0

converges for all # > 0. Suppose there exists two real numbers ¢ > 0,w > 0
and a slowly varying function L(z) so that

A(B) = {c+o(1)} 87L(1/B), B\0 (2.11)
Then
¥ L(x)

A(z) ={c+o(1)} Twt1)

T — 00 (2.12)

We apply Karamata’s Tauberian theorem to the function

Az) = > d; (2.13)

Aj Sr
which is non-decreasing since d; > 0. The Laplace transform Ais

AB) = dje . (2.14)

Proposition 2.1 implies that A(8) = 0(1/(6,/10g%)). Thus in Karamata’s
theorem, we may take w =1, L(t) = 1/y/logt, and ¢ = 0 to find

A@) =o <\/1§@) , 1z — oo (2.15)

Therefore,

(d)y _ Ax) N@) _Alx) _ (1
(65), ~ N(z) =z =z (@) (2.16)

as x — oo, proving Theorem 1.1.
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2.5. Three-Dimensional Tori

As in the two-dimensional case, Theorem 1.4 follows from the following prop-
osition which we prove in Sect. 6.

Proposition 2.2. We have as 3\, 0
> e 1
> djem = T O(3~3/%). (2.17)
j=0

The key tools in the derivation are a trace formula (cf. Theorem 6.3) and
an approximation lemma (cf. Lemma 6.5).

3. The Trace Formula

We follow the same path as in [15] for a compact quotient I'\H.

3.1. Overview of the Proof

Let T' > 0 be such that T ¢ {p;} U {pJ},o > Jpg and consider the box
B(o,T) ={p|[Sp| <o, |Rp| <T}.

For o large enough and Sp = —o, we will show that the spectral function
(2.4) can be written as

S4(p) = —508(ip) + 5-D(p) + () (3.1)

for ¢(p) = ¢ — cotan £, where ¢; is some real constant, and |D(p)| <, 1.

Let h be an even function which is analytic in a strip |Sp| < o’ for some
o’ > o and satisfies

[h(p)| < (1+ [Rp])7>7°
for some ¢ > 0 uniformly in the same strip. A contour integration gives
1 S;
2 Y -2 Y he=gn [ MaERd (2
pfE€B(0,T) p;€B(a,T) OB(,T)+ @

We may rewrite (3.2) as

2h(p) —2h(0)+2 > h(pf)—2 > h(p))

0<py<T 0<p; <T
—ioc+T
_ 1 / h(p)dp
7 p(logip — 2mc(ep))
—ic—-T
—ioc+T

D(p)

I R e

) dp+0B(T) (3.3)
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where

—2mc(9) )| _ior
ioc+T
1 S,
v [ g e (3.4)
—ic+T

Choose a sequence {7, } away from {p;} U{p}} such that lim,, T}, = ooc.
By use of the asymptotics (3.1), we show that the integral over the con-
tour [—ioc — T),, —io + T,,] converges absolutely as n — oo. Since Weyl’s law
implies that both traces converge absolutely, it follows that lim,, 0B(T},) exists.
The main step in the proof of the trace formula is to show that actually
lim,, 0B(T,,) = 0 for a suitable choice of a sequence {T),}.

In Lemma 4.1, we construct a sequence {7,,} which satisfies

S (T + iw)| < Ty

We then use this bound together with our knowledge of the existence of
lim,, B(T,), which holds in particular for a certain test function hs with
suitable symmetry properties (cf. Lemma 4.2). We exploit the properties of
this particular test function to bound log|S,| on average on the segments
[—io + T, T},], namely (cf. Lemma 4.3)

T’VL

| oslSaln| < 7. (3.5)
—ioc+T),

which allows us to pass to the limit 7,, — oo and obtain the trace formula (2.6).

Remark. We are unable to obtain an individual bound on log|S,(p)| on the
segments [—io + T,,,T,], but a bound on average suffices for our purposes.

3.2. The Green’s Function on the Torus

The free Green’s function on R? is given by

1 .
ar(z,z0) = %Ko(lpkl’ — xo), = p?, (3.6)

where K denotes the zeroth Bessel function.
From the integral representation

[ee] (oo} wrd
Ko(r) = /exp( rcosht)dt = C%ht/ ¢ L Rr>0 (3.7)
) / w2 —1

we obtain the following integral representation for the free Green’s function

on R?
1 T o—iwplz— zolq
gz, z0) = o ° 1w, A=p*  SQp<o. (3.8)
T
1
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We derive an integral representation for the Green’s function on the torus T?
by the method of images. Let 3p < 0. We have

1 Ookp (w; z, zo)dw
G (z, o) ZQ/\ T+ n,xo) %/ T o1 (3.9)
neLl 1
where
ky(w;x, xo) Ze_”""‘x otn|, (3.10)

neL
Absolute convergence follows from the inequality (note w > 1)
|kp(w;x, x0)| < Z emowlzmzotnl 1 4 Z re(m)e V™ (3.11)
neLl 0#meN
The Bessel function has the asymptotics
Ko(z) = —log(z/2) —v+o0(1), z2—0 (3.12)
where v denotes Euler’s constant. Therefore, the free Green’s function has the

asymptotics

1 .
9(@,20) = — 5~ log(iple — 20//2) - % +o(1) (3.13)

as © — xg. Thus, we have the following asymptotics for the Green’s function
on the torus

1 :
GA(x,xo):—%log(1p|x—x0|/2)—%4-0)\—1-0(1) (3.14)

as x — xg, where

Cx= Y ga(zo+mn,m0).
neL\{0}

3.3.
In view of the spectral expansion of the Green’s function G, the spectral

function may be written as

So(p) = lim {Gi(z, 7o) — RGi(z, 20)} — co tan% (3.15)

r—x0

where

We may rewrite (3.15) as

S4(p) =~ logip + 5 -D(p) + c() (3.16)



7. Rudnick and H. Ueberschar Ann. Henri Poincaré

where
k)= Y e @= 3" y(m)e7ioVm (3.17)
neL\{0} 0#meN
k(pw)dw
D — 3.18
0= ] Vi (3.18)
and
_ 1 i/4 2
c(p) = ——RD(—€'"*) — ¢p tan (3.19)
27 2
is a real constant.
We have the expression
c(p) = ¢1 — ¢ tan g (3.20)
where
1 T cos(y/Tw)e V2 dw
e =g rc(m)/ Vs )2 . (3.21)
m meN 1 w? —1
Lemma 3.1. For sufficiently large 0 > 0 and Sp = —o
D
D(o)] <1 (3.22)

[logip — 2me(p)|
Proof. We have

[logip — 2mc(p)] > [log /02 + (Rp)2 — 27e(p)| > logo — 27le(p)|  (3.23)

and
7 w) dw c>oe U\ﬁwdw
/ ” | < / = f(o)  (3.24)
1 mEN 1

which implies for sufficiently large 0 > 0 (in particular it is necessary that
log o > 27|c(y)|)

D )
[logip — 2nc(g)] ~ logo — 2nle()]

<1. (3.25)

O

Let h be an even function, analytic in a strip |Sp| < oy, for some o > o,
which satisfies

Ih(p)] < (1+ [Rpl) =53 (3.26)
uniformly in the same strip for some ¢ > 0.

Remark. We restrict ourselves to a smaller space of test functions here to
simplify the presentation of our arguments. It is possible to obtain the trace
formula for any test function with uniform decay |h(p)| < (1 + |Rp|)~27°
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Let T' > 0. Define the box
B(o,T) ={p | [Rp| <T, [Sp| < o}

Proposition 3.2. Denote by n; = p?,pj > 0, the eigenvalues without counting
multiplicities. The new eigenvalues which lie strictly between the n; are denoted
by XY = (p¥)?. We denote 0 > \§ = (p§)* where pg is purely imaginary and
Spy > 0. Let o > Jpg and T > 0 s.t. T ¢ {p;}; U{p}};. We have

2h(pf) —20(0)+2 > h(pf)—2 D hips)

0<py <T 0<p; <T

1 S
- h(p) 22 (p)d

el RGO

9B(o,T)
—ioc+T ic+T

_ ! / + / h( )S:a( )d (3.27)
T P15, 1ol '

—ioc—T —ioc+T

Proof. By contour integration and symmetry. This is clear in view of the spec-
tral expansion

1 = 1 n; %)
S¢(p) p2+ZT(nj){nj_p2 n?il}COtaHQ. (328)

j=1

We may rewrite (3.27) as

2h(of) ~2h(0)+2 S h(p) =2 3 hipy)

0<py <T 0<p; <T
—ioc+T
_ 1 / h(p)dp
7 p(logip — 2mc(ep))
—ic—T
—ioc+T

_i ’ B A
Wiig/T h'(p)log <1 ogip 27rc(g0)> dp +0B(T) (3.29)

where

log(ir) — 2mc T
1 ic+T S’
= [ G0 (3.30)
Tl 7
—ioc+T

We have the following fact, analogous to Theorem 12 in [15].
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Proposition 3.3. There exists an increasing sequence {t;} C Ry \({p;};U{p] };)
such that lim;_, ., t; = +00 and

lim aB(tl) =0.

l—o00

Since the sums and integrals in (3.29) (where we take T' = ¢;) converge
absolutely as t; — oo, Proposition 3.3, which we will prove in Sect. 4, gives
the general trace formula:

Theorem 3.4. Let h be as (3.26). Let o > 0 be large enough s.t. condition
(3.22) is satisfied. We have

> {n(p?) = hips)}
j=0

—ioc+oo

_ / h(p)dp
2mi p(logip — 2me(yp))
1 —ioc+oo D( )
L ’ o p
omi / h'(p) log (1 —log - 27rc<(p)> dp. (3.31)

We call the first term on the RHS of (3.31) the “smooth term”, and the
second one the “diffractive term”.

4. Proof of Proposition 3.3
We begin with the following lemma.

Lemma 4.1. There exists an increasing sequence {T,,} C Ry \ ({p;}; U{p]};)
such that lim,, .o T, = +00 and for —o < w < 0 we have

S (T + iw)| < Tt (4.1)

Proof. We can choose an infinite increasing subsequence of Laplacian eigen-
values {7y() bn such that ng(,)41—"gm) = pi(n)ﬂ—pi(n) > 1. This is because
the mean spacing between the norms {n;} is of size /logn; if the lattice £
is rational and of size 1 if the lattice is irrational. Recall that between two

consecutive eigenvalues ny(,) = pi(n) and npm)41 = pi(n)ﬂ there is exactly
©

one new eigenvalue A7\, = Xi(n)—&-l and Xi(n)+1 € (Pk(n)» Pr(n)+1) C Ry isa
zero of the function S, (p), whereas pj (), pr(n)+1 are singularities of the same
function.

Therefore, we may choose an infinite sequence

5(Pr(n) + Xe)+1)s i [Xem)+1 = Py = IXnk(n) = Py 41
T, = (4.2)

%(pk(n)—&-l + Xk(n)+1), otherwise.
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With [prm) — Prm)+1] > |Pk(n) + Prn)+1] = . Note in particular that for
all p; € Ry,

1 _
|pj - Tn| > Z‘pk(n) - pk(n)-‘rl‘ > Tn 1' (43)
Let p,(w) = (T, + iw)?,w € [—0,0]. We have for any ¢ > 0
1 1

nj = pm(w)  nj—i

S (T, + iw)| < Y re(ny)
j=0

L |i— w)| (4.4)
Z |”J ||”J —

where we have used the bound rz(n) <. n¢. Fix o € (¢,1). We split the sum
into a central part satisfying inf,c[_ 50y |n; — pn(w)| < n§ and a correspond-
ing tail. For convenience we let I,(n;) = infy,ec(—q,0)|nj — pin(w)]. The first
sum is estimated by

> .
In; — pn(w)[n; — i

Iy (nj)<n$§

<#{j [ In(nj) <nj} max sup {n‘_u Elj |n—1|} (4.5)

In(nj)<n$ we[—0,0]

Now if n; > T2 then I,,(n;) = n; — T2. It follows
#{ [ In(ny) <n§} < ##{5 | n; ST+ 45 [ nj —nf <T7}. (46)
Let
Cla) = #{j | n; <27/} (4.7)
and observe that n; > 2/(1=%) implies n?fl < 1. S0 nj > 279 together
with n;(1 — n?_l) < T2 implies
n; < 2n;(1—n§"h) <277 (4.8)
Hence
#{j 1 ni(1—n5™") <T7}
< #{j In; <2Y079 n;1 -0 < T2}
{5 [ ny > 2079 (1 —ngh) < T2}
< Cla) +#{j |20 < n; <217}
< T2 (4.9)
It follows that

#(j | Ln(ny) < nf} < T2 (4.10)
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By the same observations as above, we see that I(n;) < nj implies n; <
max {21/ (=) 272} Also for any j > 0 we have (cf. (4.3))
1 _
1pj = Tul 2 1Py = Prey+1] > T, '
which implies

Inj — pn(w)| = [p7 = (Tn +iw)*| = |p; — T — iw||p; + T + iw|
> |pj = Thl(pj +Tn)
> 1. (4.11)

Since |n; —i| > 1, we have

ne

max sup { J - } < Tr. (4.12)
Ln(n;)<n§ wel-0,0] LITj — pin(w)[|ny — i

The tail can be bounded as follows

n. n.
> TSRO

Inj — pn(w)||n; — 1

In(nj)Zn?
< i "o (4.13)
T il T '
7=0
Finally note that |, (w) — i| < T2. O

Recall
D(’I") ):| —io+T),

OB(T,) = — [h(r) log (1 " log(ir) — 2mc(p)

1

—ioc—T,
1 ioc+T, S'
v [ 0 (4.14)
1 ©
—ioc+T)

We know that lim,, ., B(T,) exists (for any test function h which satisfies the
uniform bound |h(p)| < (1+|Rp|) =277 in the strip |Sp| < o—the decay which
is required by Weyl’s law to ensure that the trace converges absolutely) and
we want to prove that the limit is zero for any test function which satisfies the
uniform bound

[A(p)| < (14 |Rpl) =57 (4.15)

in the strip [Sp| < o.
For the first term we have, in view of |D(p)| < f(o) along Sp = —o,
D(—io £ T,,) 1
log [ 1—
8 ( log(o £iT,,) — 27rc(90)> ’ < log T,

(4.16)

which implies that this term vanishes as n — oo.
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For the integral, an integration by parts gives

ioc+T,
S/ io
h(0) G (p)dp = [h(p) 108 S, (] 75,
—ic+T, v
ioc+T),
- [ WS @)
—io+T),

To see that the first term vanishes as n — oo, observe that the identity (3.16)
and the bound (3.24) imply
|log S(+io + T,,)| = |log S(—ic FT},)]
< |log |S(£io + Ty,)|| + |arg S(Fio + T7,)|
= loglog T, + O(1), (4.18)
where we used |arg S(£ioc + T,,)| < 1 as n — oco. Similarly we see
ic+T, ioc+T,
WS, o)dp= [ H(o)log[S,(p)ldp-+ O(T; ).
—io+T, —io+T,
We have the calculation

ic+Ty,
h'(p)log|S,(p)ldp

Ty
—ioc—T,
= [ RISl
—T,
—ioc+T),
= [ HoelSa )l
T’Vl
T’Vl
= [ wosis.(olds (4.19)
—ioc+T,

where we used S, (p) = S,(p), and so the term

ic+T) T,
W(p)los Sl = [ {(p)+ K (P} log]Sa(p)ldp (420)
—ic+T, —io+T),

converges to a limit as n — oo.

To obtain the result, we require two lemmas. The first lemma constructs
an even test function which is analytic in a strip and the real part of whose
derivative satisfies a certain polynomial lower bound in 7}, on the line segment
[—io + Ty, Ty]-
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Lemma 4.2. Choose og > o. Let

-1

hs(p) = ErolE

We have for t € [—00,0] and for all sufficiently large n

1
Rhi (T, + it) = |RhE (T, + it)| > 75 (4.21)
n
as n — oo.
Proof. We have
4p
he(p) = ———5—.
W= oy

Let t € [—00,0]. A simple calculation gives

i 2 42 2 o 3
|§Rh’5(Tn+it)|‘gﬁ{“(Tnﬂf)(Tn t2 4 02 — 2iT,t) }'

(T3 = 12 + 0§)? + 4T31%)?
52 ATy, +it) (T2 — 12 + 03 — 2iT,,t)? . 1
(T3 — 2 + 08)* + 4T31%)°

as n — o0. O

The second lemma gives a bound on log |S,| averaged along the line seg-
ment [—io + T,,, T},].

Lemma 4.3. We have the following bound

Ty
/ log |S,.(p)|dp| < T°. (4.23)
—ioc+T),

Proof. We know there exists a constant ¢ > 0 such that for all n and w € [—o, 0]
we have

1Sy (T +iw)| < T

In Lemma 4.2, we prove the existence of a test function hs which is analytic in
the strip |Sp| < o, satisfies the uniform bound |hs5(p)| < (1 + |Rp|)~% in this
strip and in addition hs(p) = hs(p) and RhL (T, +iw) = | R (T, +iw)| > Tn_(?).
We thus have
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T’VL

7.0 [ loglSa(lde

—ic+T),
0

§T7:5/—10g( IS ,(T, + iw)|)dw + O(T, P log Th,)

<- / RAL (T, + i) log(c T[S, (T + 1w)])dew

+O(T,, “SlogTy,)
<1 (4.24)

because |hs(p)| < (1 + [Rp|)~* uniformly in |Sp| < o and therefore

tim [ i) log S, (9)]dp

n—oo

—ioc+T),

exists. O

‘We obtain
io+Ty,
h'(p)log|Sy(p)ldp| < Ty,

—ic+T),

in view of the identity (4.20). We also used that by Cauchy’s theorem the
analyticity and decay of h in |Sp| < o9, where og > o, imply the analyticity
of b/ in |Sp| < o and the uniform decay

1 (p)] < (1 + [Rpl)°7°
in the same strip. It follows that

lim 9B(T,) =0

n—oo

which proves Proposition 3.3.

5. Proof of Proposition 2.1

5.1.
We want to apply the trace formula in order to obtain information about
the average spacing between new eigenvalues and old eigenvalues. Let h(p) =

e_ﬁf’z7 for small 8 > 0. Upon dividing through by 3 we can rewrite the Lh.s.
of the trace formula (3.31) as



7. Rudnick and H. Ueberschar Ann. Henri Poincaré

1 = 4 = o1l — eiﬁ(nji)\f)
4 Z -8B efﬁnj} _ Zefﬁ,\j
p = = B
= dje P +0(571?) (5.1)
j=0

where d; = n; — Xf > 0. The last line follows from the following lemma.

Lemma 5.1. We have the bound

S dje N <1 - d) < g1 (5.2)
=0 pd;
Proof. For x > 0, we have the inequality
1 _ —Xx
0<l-—" <2
x

and the bound d; < n;/4 for j > 1 (cf. the greedy algorithm in [7], p. 7). It
follows

Zde’ﬁ’\v <1_1—ﬁe ﬂJ) Zd2 N

7=0

< 52 n;/ze_ﬂ’\f + ﬁe_ﬁ’\‘f

< ﬂZniﬁe—ﬁ"ﬂ' + BN (53)

and the bound N,(z) < x permits us to bound the sum by the following
integral:

5Zn]+2e_gnj <<ﬂ/ 1/24=pz g, < B 1/2. (5.4)
0
O

5.2. The Smooth Term

We have the following bound on the smooth term.

Proposition 5.2. As 3\, 0

—ioc+oo

1 e_ﬁpzdp < 1
2m p(log(ip) — 2mc(p))| ~ log 5

—ioc—o0

(5.5)

Proof. Denote by Cjy the contour following a semicircle in the lower halfplane
centered at the origin of radius §, where e2™¢(¥) > § > 0, starting from —d and
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finishing at 6. By shifting the contour across the pole at p = —ie?™*(#) to the
real line we obtain

—ioc+oo e_ﬁdep
2mi plog(ipe—2mc(#))
—Bp®
— Pt 1 / / ¢ dp 5.6
¢ tom + plog(ipe=2mc(#))’ (5:6)
Cs  R\(-4.,0)

Note that the integral over the semicircle vanishes as § — 0.
We may pick the branch of the complex logarithm in such a way that
arg(z) = /2 if x < 0 and arg(z) = 37/2 if > 0. Then for real p # 0
1 B 1
log(ipe=27<(¥))  log(|ple=2m¢(¥)) +i(F + arg(pe=2m<(¢)))
_ log(|ple™*(¥)) —i(§ + arg(pe "))
- log?([ple~27(9)) + n2/4

(5.7)
and it follows that
= <% dp
27 plog(ipe—2mc(#))
,0)

: / o075 +arg(pe )
plog?(|ple=2me(#)) 4 27

dp
R\(—46,6)

_1/ e_ﬁpzdp

- o 2
2 pllog®(pe=2me(2) + 1)
1 T e_ﬁehc(w"zdr

log?r 4 =
P r(log”r + 4)
oo

1 e_5e4WC(¢)82tdt

2 $2 + w2
—27c(p)+log d 4

_ﬂe4ﬂc(¢)e2tdt
24 22

Since

(o]

dt
/ﬁzl
24+

— 00
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we obtain in view of (5.6)

—ioc+o0o

e*BPde
27ri; / plog(ipe—2mc(¥))
et 1 [ 1—e Py
NG © _ , (5.9)
2 24z
t“+
—0o0

Let v = e*™°(¥) 3. We proceed by dividing the integral on the r.h.s. into two
integrals over the ranges (—oo, 15¢|log~|) and [15¢|log 7|, 00) for some small
e>0.

We then bound the first integral as follows

1—¢ 1—e
5 |logn| 5 |logl

2t

1" at 1

/ —— < / edt = ~¢ (5.10)
2+ I 2

— 00 — 00

where we note that

1-— e*”’em\ < et

because ¢ < 15¢|log~y| implies ve?* < ~~.

We bound the second integral by

o0 2t o0
1 1—e 7 |dt 2
- / L= jdt / t2dt=———— (5.11)
2 241 (1 —€)|log~|
135 log ] 15 og 1]
2 2
O
5.3. The Diffractive Term
We continue with the bound on the diffractive term.
Proposition 5.3. Let h(p) = ¢=77". As B\, 0
—io+o0 D 1
h'(p)log <1 - (p)> dp| < T (5.12)
' logip log 5
—10 —0Q
Proof. (3.22) allows us to estimate
T ) D(—io + s)
h(— 1 1- d
/ (~io +s)log ( logi(—io +5) - 27rc<go>> ’
T D(—io + s)|
B (— | ds. 5.13
< / IWC 1UJFS)‘Hogi(—iU—i—s)—271'c(<,o)| § (5.13)

We have
1 (—io + 5)| = 28| — io + s|je P79 < 28(0 + |s|)e?" B (5.14)
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and
i —amwd
. e w
D(—io+s)< S m;(m)/ﬁ — f(o) (5.15)
meN 1
and finally
~ 1 2. 2
|log(o +1is)| > ilog(a + 57). (5.16)

We continue our estimate as follows (recall o > max{1,e?7°(¥)})

o [D(~io + 5)|
Zo |h'(—io + s)| [logi(—io + s) — 2mc(p)| ds

< 8,6’e5"

(0 +s) *ds
5.17
/ log(o? + 82 — 4me(y) (5.17)
0

and the integral is bounded by

o0

7 (o +s)e P ds o / w2

< e dw
log(0? + s2) — 4dmc(p) — (2logo — 4me(p))BY/2
0 0

0o *IBSQd
Se S
. 5.18
o/ og(o? 1 %) — de(p) (5.18)
0

Let v = '@ 3 and ¢ = e 2™(¥)5. We bound the second integral on the

r.h.s. as follows

oo

/ e P ds B l
log(o? + 52) — dnc(p) B
0

B l we™ " ds
B.J log(€? + )
e
L 1 /we v’ Qw
Blog&?
0
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for small ¢ > 0. The last line follows, since for w > ¢ we have (assuming
7<1)

log(yo? + w?) 2logw + log(1 + vyo? /w?)

1+ fog 1 > 1+ fou(D)
1-2¢
21—26+0<7 1). (5.20)
log 5
Since
e
/weﬂ“zdw = 0(v*)
0
we have
/ W(—io+ )20 EN qo o L 5,
) | logi(—io + 5)| log(3)

6. The Three-Dimensional Case

The three-dimensional case is very different. Consider the three-dimensional
flat torus T2 = R3/27L}, where L3 = Z(1/ab,0,0) & Z(0, a,0) & Z(0,0,b) for
some a,b > 0. Denote by £3 the dual lattice of £3. The eigenvalues of the
Laplacian on T? are the norms of the vectors of the dual lattice £3. We denote
the set of norms of the dual lattice vectors by A and the multiplicity of an
eigenvalue n € A”? is denoted by

ra(n) = #{¢ € £3: [¢[2 = n}. (6.1)

Let nf be the perturbed eigenvalues of the point scatterer on T? and 7,
the unperturbed eigenvalues counted without multiplicity (the norms). The
ordering is

ny <0=mno<nf <m <. <nf < (6.2)

Our main result is the following. Let d; :=n; —ny > 0.

Proposition 6.1. We have as 3\, 0

S dje o = % O3, (6.3)
=0
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6.1. The Green’s Function in Three Dimensions
The free Green’s function on R? is given by (cf. [16], p. 842, eq. (3.4))
eiplz ol

gn(x, o) Sp <0, pr=n. (6.4)

- Az — x|’

We periodise to obtain the Green’s function on T3.

) .
Gy(@,20) = — P —— (6.5)
n 471'”;3 |:)3—$()+7”L|
In particular, the deficiency elements are given by
le—zq+n]
— |[z—x0+n|
1 e V2  Cos (T)
Gy, = — 6.6
£(2, 20) 47rZ |z — 20 + 1| (6.6)
neLs
: +1-3)°
where we note that +i = ( i ) .
The spectral function is given by
S2(p) = lim (G — RG)(z, w0) — tan £ = —L + DE(p) (6.7)
T—Tg 2 4
where
—iPn _ T VE cos (&
p 1 1 ¢ N (ﬁ>
D%(p) = —tan = — 6.8
5 (p) an 5 + 47rﬂ+ I §3r3(n) " (6.8)

where the first and second terms in (6.7) and (6.8) come from the regularisation
(where h = x — x¢)

. _ |h+tn|
eflplhl —e vz CoSs (|h+n‘)

lim V2
h—0 4r|h|
_1=iplal +O(IRP) — (1= T+ O(nf?)
= s dr|h]
—ip 1
= — 4+ . 6.9
47 47‘(\/§ ( )
6.2. The Trace Formula in Three Dimensions
We require the following lemma.
Lemma 6.2. For sufficiently large o > |Spg|, we have for Sp = —o
4m|D¥
D5 (o)l _ (6.10)
i
Proof. For Sp = —o, it can easily be seen from (6.8) that |D¥(p)| = O(1).
Furthermore |p| > . So (6.10) certainly holds for sufficiently large o. O

We have the following trace formula for a point scatterer in three dimen-
sions.
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Theorem 6.3. Let h be as above and o > |Spf| large enough such that (6.10)
1s satisfied. Then we have

(i) = h(p)}

—ioc+oo
1 1 4miD¥ (p)
=-h(0)+ — W (p)log {14+ ——2)d 6.11
. <>+2ﬂi_/ yiog (1+ 5 ) g, o)
Proof. Following the argument in the proof of the trace formula for two dimen-
sions we obtain for o > |Jpg| the trace formula (an analogue of Krein'’s famous

trace formula)

—io+o00
- 1
S b))~ hlo)) =5 [ W) o Su(e)d. (6.12)
J=0 —iloc—o0
In view of (6.7), we rewrite the r.h.s. as
1 —ioc+oo
— 1 (p)log S3(p)d
5 / (p) log S3(p)dp
1 —io+oo .
- (o)1 P
o / Pp) 0g<47r>dp
1 —io+o0 4 'D‘p
to = / h'(p)log (1 + 7r13(,0)) dp (6.13)
IS

and the first term can be evaluated by integration by parts and shifting the
contour

—ioc+oo
1 , —ip
i W (p)log <477> dp
—io+o00
_ 1 h(p)dp
27i ' p
_ 1 [ hp)dp + L / h(p)dp
2mi p 27 p
Cs R\(—4,5)
=0
1

where we recall that for some small § the contour Cys denotes the lower semi-
circle connecting —0 and § on the real line. O
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6.3. Proof of Proposition 6.1

Let h(p) = e=#7°. In this case, the trace formula gives us

o0
Z{e—ﬁnj’ —e Py
=0

1 ﬁ —io+4oo

=- - pe_ﬁp2 log (1 +
2 7

—ioc—o0

ZMM) dp (6.15)

and in view of (6.10) we have for Sp = —o the bound

log <1 + 47Tﬂ;§(p )>‘ < Dgp(p ) (6.16)

which implies
—ioc+4o00

_ 2
lplle"7"]

4miDJ
log (1 + m)‘ |dp]

—ioc—o0

—ioc+oo
5.2
< / ||| DE(p)||dp|

—ioc—o0

oo

< &P’ / e Pdt =0 (\/13) (6.17)

—00

and therefore

Z{e i _emPni} = — 5T @) (\/IB) : (6.18)

An analogue of the greedy algorithm is required for the proof of Propo-
sition 6.1. We state this as a lemma.

Lemma 6.4. Let d; :=n; — nf, We have the bound
dj < n’%. (6.19)

Proof. Recall that each 7; is of the form g(m,n, k) = am? + bn* 4 ck? for real
numbers a, b, ¢ > 0 and integers m,n, k. We need to show that for each j, we
can pick m, n, k such that

Inf = a(m,n. k)| < ;"

where the implied constant does not depend on our choice. Let s; = nf —am?.

Let m = b /n; /aJ and observe that s; = 77 —am?* < (1} P2 < 771/2 Now let
s9 = s1 — bn? and choose n = {\/sl/bJ so that so = 51 — bn? < 51/ . Finally
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choose k = {\/SQ/CJ such that s — ck? < 51/2 With the above choices of

m,n, k we have

In7 —q(m,n, k)| = s2 —ck? <<51/2 <<81/4 <<771/8
O
The following lemma implies Proposition 6.1.
Lemma 6.5. We have the following identity
Sy = S (e = e+ 057 (6.20)
j=0 j=0
Proof. 1t is sufficient to prove the bound
@ 1—e pd
}:cie*5A (1__L%l) < B34, (6.21)
§=0 7
For z > 0, we have the inequality
1 _ —x
0<l-—" <u
x

It follows from the inequality and Lemma 6.4

S (1) < B3 e
.7

7=0

< 5277;/46—5”;{; + ﬁe—ﬁﬂg
j=1

< ﬁznjfle Bni 4 Be=PM5  (6.22)

and the bound N, (z) < 2%/ permits us to estimate the sum by the following
integral:

ﬁznjf e P <<ﬁ/ Vae=Brp1/2 gy < B3/4, (6.23)
7=0

O
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